Gravitational waves from the R^-1 high order theory of gravity by Corda, Christian & De Laurentis, Maria Felicia
ar
X
iv
:0
71
0.
26
05
v3
  [
as
tro
-p
h]
  1
3 N
ov
 20
07
Gravitational waves from the R
−1
high
order theory of gravity
Christian Corda and Mariafeliia De Laurentis
November 20, 2018
INFN - Sezione di Pisa and Universitï¾
1
2di Pisa, Largo Ponteorvo 3, I - 56127
PISA, Italy
Politenio di Torino and INFN Sezione di Torino, Corso Dua degli Abruzzi
24, I - 10129 Torino, Italy
E-mail addresses: hristian.ordaego-gw.it,
mariafeliia.delaurentistpolito.it
Abstrat
This paper is a review of a previous researh on gravitational waves
from the R
−1
high order theory of gravity. It is shown that a massive
salar mode of gravitational waves from the R
−1
theory generates a lon-
gitudinal fore in addition of the transverse one whih is proper of the
massless gravitational waves and the response of an arm of an interferom-
eter to this longitudinal eet in the frame of a loal observer is omputed.
Important onseguenes from a theoretial point of view ould arise from
this approah, beause it opens to the possibility of using the signals seen
from interferometers to understand whih is the orret theory of gravi-
tation.
PACS numbers: 04.80.Nn, 04.30.Nk, 04.50.+h
1 Introdution
The data analysis of interferometri gravitational waves (GWs) detetors has
reently started (for the urrent status of GWs interferometers see [1, 2, 3, 4, 5,
1
6, 7, 8℄) and the sienti ommunity hopes in a rst diret detetion of GWs
in next years.
Detetors for GWs will be important for a better knowledge of the Universe
and also to onrm or ruling out the physial onsisteny of General Relativity
or of any other theory of gravitation [9, 10, 11, 12, 13, 14℄. This is beause, in
the ontext of Extended Theories of Gravity, some dierenes between General
Relativity and the others theories an be pointed out starting by the linearized
theory of gravity [15, 16, 17, 18, 19, 20℄.
In this paper, whih is a review of a previous researh on gravitational waves
from the R−1 high order theory of gravity [15℄, it is shown that massive salar
modes of gravitational waves from the R−1 theory generate a longitudinal fore
in addition of the transverse one whih is proper of the massless gravitational
waves and the response of an arm of an interferometer to this longitudinal eet
in the frame of a loal observer is omputed. Important onseguenes from a
theoretial point of view ould arise from this approah, beause it opens to the
possibility of using the signals seen from interferometers to understand whih is
the orret theory of gravitation.
2 A salar massive mode of gravitational radia-
tion in the R
−1
high order theory of gravity
In [15℄ it has been shown that a massive salar mode of gravitational radiation
arises from the high order ation
S =
∫
d4x
√−gR−1 + Lm, (1)
where R is the Rii salar urvature. Equation (1) is a partiular hoie
with respet the well known anonial one of General Relativity (the Einstein -
Hilbert ation [21, 22℄) whih is
S =
∫
d4x
√−gR+ Lm. (2)
From the linearizated eld equations arising by the ation (1), in [15℄ it has
been obtained a plane wave propagating in the z diretion:
hµν(t, z) = A
+(t− z)e(+)µν +A×(t− z)e(×)µν +Φ(t− vGz)ηµν . (3)
The term A+(t−z)e(+)µν +A×(t−z)e(×)µν desribes the two standard (i.e. ten-
sorial) polarizations of gravitational waves whih arise from General Relativity,
while the term Φ(t − vGz)ηµν is the salar massive eld arising from the high
order theory.
2
3 A longitudinal fore
For a purely salar gravitational wave eq. (3) an be rewritten as [15℄
hµν(t− vGz) = Φ(t− vGz)ηµν (4)
and the orrispondent line element is the onformally at one
ds2 = [1 + Φ(t− vGz)](−dt2 + dz2 + dx2 + dy2). (5)
But, in a laboratory environment on Earth, the oordinate system in whih
the spae-time is loally at [12, 15, 21, 22℄ is typially used and the distane
between any two points is given simply by the dierene in their oordinates
in the sense of Newtonian physis. This frame is the proper referene frame of
a loal observer, loated for example in the position of the beam splitter of an
interferometer. In this frame gravitational waves manifest themself by exerting
tidal fores on the masses (the mirror and the beam-splitter in the ase of an
interferometer). The eet of the gravitational wave on test masses is desribed
in this frame by the equation
x¨i = −R˜i0k0xk, (6)
whih is the equation for geodesi deviation.
But, beause the linearized Riemann tensor R˜µνρσ is invariant under gauge
transformations [12, 15, 21, 22℄, it an be diretly omputed from eq. (4).
From [21℄ it is:
R˜µνρσ =
1
2
{∂µ∂βhαν + ∂ν∂αhµβ − ∂α∂βhµν − ∂µ∂νhαβ}, (7)
that, in the ase eq. (4), begins [15℄
R˜α0γ0 =
1
2
{∂α∂0Φη0γ + ∂0∂γΦδα0 − ∂α∂γΦη00 − ∂0∂0Φδαγ }. (8)
The omputation has been performed in details in [15℄, the results are
R˜1010 = − 12 Φ¨
R˜2010 = − 12 Φ¨
R˜3030 =
1
2m
2Φ,
(9)
whih show that the eld is not transversal.
Infat, using eq. (6) it results
x¨ =
1
2
Φ¨x, (10)
y¨ =
1
2
Φ¨y (11)
3
and
z¨ = −1
2
m2Φ(t− vGz)z. (12)
Then the eet of the mass is the generation of a longitudinal fore (in
addition to the transverse one). Note that in the limit m → 0 the longitudinal
fore vanishes.
4 The interferometer's response to the longitudi-
nal omponent
We have to reall that the salar wave needs a frequeny whih falls in the
frequeny-range for earth based gravitational antennas [12, 15℄, that is the in-
terval 10Hz ≤ f ≤ 10KHz (see refs [1, 2, 3, 4, 5, 6, 7, 8℄). For a massive salar
gravitational wave, this implies [12, 15℄
0eV ≤ m ≤ 10−11eV. (13)
Equations (10), (11) and (12) give the tidal aeleration of the test mass
aused by the salar gravitational wave respetly in the x diretion, in the y
diretion and in the z diretion [15℄.
Equivalently we an say that there is a gravitational potential [12, 15℄:
V (−→r , t) = −1
4
Φ¨(t− z
vP
)[x2 + y2] +
1
2
m2
∫ z
0
Φ(t− vGz)ada, (14)
whih generates the tidal fores, and that the motion of the test mass is
governed by the Newtonian equation
−¨→r = −▽ V. (15)
To obtain the longitudinal omponent of the salar gravitational wave the
solution of eq. (12) has to be found.
For this goal the perturbation method an be used. A funtion of time for
a xed z, ψ(t− vGz), an be dened [12, 15℄, for whih it is
ψ¨(t− vGz) ≡ Φ(t− vGz) (16)
(note: the most general denition is ψ(t−vGz)+a(t−vGz)+b, but, assuming
only small variatons in the positions of the test masses, it results a = b = 0).
In this way it results
δz(t− vGz) = −1
2
m2z0ψ((t− vGz). (17)
A feature of the frame of a loal observer is the oordinate dependene of
the tidal fores due by salar gravitational waves whih an be hanged with a
mere shift of the origin of the oordinate system [12, 15℄:
4
x→ x+ x′, y → y + y′ and z → z + z′. (18)
The same applies to the test mass displaements in the z diretion, eq. (17).
This is an indiation that the oordinates of a loal observer are not simple as
they ould seem [12, 15℄.
Now, let us onsider the relative motion of test masses. A good way to
analyze variations in the proper distane (time) of test masses is by means of
bouning photons [12, 15℄. A photon an be launhed from the beam-splitter
to be bouned bak by the mirror. It will be assumed that both the beam-
splitter and the mirror are loated along the z axis of our oordinate system
(i.e. an arm of the interferometer is in the z diretion, whih is the diretion of
the propagating massive salar gravitational wave and of the longitudinal fore).
In the frame of a loal observer, two dierent eets have to be onsidered
in the alulation of the variation of the round-trip time for photons [12, 15℄.
The unperturbed oordinates for the beam-splitter and the mirror are zb = 0
and zm = L. So the unperturbed propagation time between the two masses is
T = L. (19)
From eq. (17) it results that the displaements of the two masses under the
inuene of the salar gravitational wave are
δzb(t) = 0 (20)
and
δzm(t− vGL) = −1
2
m2Lψ(t− vGL). (21)
In this way, the relative displaement, is
δL(t) = δzm(t− vGL)− δzb(t) = −1
2
m2Lψ(t− vGL), (22)
Thus it results
δL(t)
L
=
δT (t)
T
= −1
2
m2ψ(t− vGL). (23)
But there is the problem that, for a large separation between the test masses
(in the ase of Virgo or LIGO the distane between the beam-splitter and the
mirror is three or four kilometers), the denition (22) for relative displaement
beomes unphysial beause the two test masses are taken at the same time and
therefore annot be in a asual onnetion [12, 15℄. The orret denitions for
our bouning photon an be written like
δL1(t) = δzm(t− vGL)− δzb(t− T1) (24)
and
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δL2(t) = δzm(t− vGL− T2)− δzb(t), (25)
where T1 and T2 are the photon propagation times for the forward and return
trip orrespondingly. Aording to the new denitions, the displaement of one
test mass is ompared with the displaement of the other at a later time to
allow for nite delay from the light propagation. Note that the propagation
times T1 and T2 in eqs. (24) and (25) an be replaed with the nominal value T
beause the test mass displaements are alredy rst order in Φ. Thus, for the
total hange in the distane between the beam splitter and the mirror in one
round-trip of the photon, it is
δLr.t.(t) = δL1(t−T )+δL2(t) = 2δzm(t−vGL−T )−δzb(t)−δzb(t−2T ), (26)
and in terms of the amplitude and mass of the SGW:
δLr.t.(t) = −m2Lψ(t− vGL− T ). (27)
The hange in distane (27) leads to hanges in the round-trip time for
photons propagating between the beam-splitter and the mirror:
δ1T (t)
T
= −m2ψ(t− vGL− T ). (28)
In the last alulation (variations in the photon round-trip time whih ome
from the motion of the test masses induted by the salar gravitational wave), it
was impliitly assumed that the propagation of the photon between the beam-
splitter and the mirror of our interferometer is uniform as if it were moving in a
at spae-time. But the presene of the tidal fores indiates that the spae-time
is urved. As a result another eet after the previous has to be onsidered,
whih requires spaial separation [12, 15℄.
For this eet we onsider the interval for photons propagating along the
z-axis
ds2 = g00dt
2 + dz2. (29)
The ondition for a null trajetory (ds = 0) gives the oordinate veloity of
the photons
v2 ≡ (dz
dt
)2 = 1 + 2V (t, z), (30)
whih to rst order in Φ is approximated by
v ≈ ±[1 + V (t, z)], (31)
with + and − for the forward and return trip respetively. Knowing the
oordinate veloity of the photon, the propagation time for its travelling between
the beam-splitter and the mirror an be dened:
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T1(t) =
∫ zm(t)
zb(t−T1)
dz
v
(32)
and
T2(t) =
∫ zb(t)
zm(t−T2)
(−dz)
v
. (33)
The alulations of these integrals would be ompliated beause the bound-
ary zm(t) is hanging with time. In fat it is
zb(t) = δzb(t) = 0 (34)
but
zm(t) = L+ δzm(t). (35)
But, to rst order in Φ, this ontribution an be approximated by δL2(t)
(see eq. (25)). Thus, the ombined eet of the varying boundary is given
by δ1T (t) in eq. (28). Then, only the times for photon propagation between
the xed boundaries 0 and L have to be alulated. Suh propagation times
will be denoted with ∆T1,2 to distinguish from T1,2. In the forward trip, the
propagation time between the xed limits is
∆T1(t) =
∫ L
0
dz
v(t′, z)
≈ T −
∫ L
0
V (t′, z)dz, (36)
where t′ is the retardation time whih orresponds to the unperturbed pho-
ton trajetory:
t′ = t− (L− z)
(i.e. t is the time at whih the photon arrives in the position L, so L− z =
t− t′).
Similiary, the propagation time in the return trip is
∆T2(t) = T −
∫ 0
L
V (t′, z)dz, (37)
where now the retardation time is given by
t′ = t− z.
The sum of ∆T1(t − T ) and ∆T2(t) gives the round-trip time for photons
traveling between the xed boundaries. Then the deviation of this round-trip
time (distane) from its unperturbed value 2T is
δ2T (t) =
∫ L
0
[V (t− 2T + z, z) + V (t− z, z)]dz. (38)
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From eqs. (14) and (38) it results:
δ2T (t) =
1
2m
2
∫ L
0
[
∫ z
0
Φ(t− 2T + a− vGa)ada+
∫ z
0
Φ(t− a− vGa)ada]dz =
= 14m
2
∫ L
0 [Φ(t− vGz − 2T + z) + Φ(t− vGz − z)]z2dz+
− 14m2
∫ L
0
[
∫ z
0
Φ′(t− 2T + a− vGa)z2da+
∫ z
0
Φ′(t− a− vGa)z2da]dz,
(39)
Thus the total round-trip proper distane in presene of the salar gravita-
tional wave is:
T = 2T + δ1T + δ2T. (40)
Now, to obtain the interferometer response funtion of the massive salar
eld, the analysis an be transled in the frequeny domine.
Using the Fourier transform of ψ dened from
ψ˜(ω) =
∫
∞
−∞
dtψ(t) exp(iωt), (41)
and realling a theorem about Fourier transforms [15℄, it is simple to obtain:
ψ˜(ω) = − Φ˜(ω)
ω2
, (42)
where
Φ˜(ω) =
∫
∞
−∞
dtΦ(t) exp(iωt). (43)
is the Fourier transform of our salar eld. Then, in the frequeny spae, it
results [15℄:
T˜ (ω) = Υl(ω)Φ˜(ω), (44)
where
Υl(ω) ≡ (1− v2G) exp[iωL(1 + vG)] + 12ωL(v2
G
−1)2
[exp[2iωL](vG + 1)
3(−2i+ ωL(vG − 1) + 2 exp[iωL(1 + vG)]
(6ivG + 2iv
3
G − ωL+ ωLv4G) + (vG + 1)3(−2i+ ωL(vG + 1))],
(45)
is the response funtion of an arm of our interferometer loated in the z-
axis, due to the longitudinal omponent of the massive salar gravitational wave
propagating in the same diretion of the axis.
For vG → 1 it is Υl(ω)→ 0.
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5 Conlusions
In this paper, whih is a review of a previous researh on gravitational waves
from the R−1 high order theory of gravity [15℄, it has been shown that massive
salar modes of gravitational waves from the R−1 theory generate a longitu-
dinal fore in addition of the transverse one whih is proper of the massless
gravitational waves and the response of an arm of an interferometer to this lon-
gitudinal eet in the frame of a loal observer has been omputed. Important
onseguenes from a theoretial point of view ould arise from this approah,
beause it opens to the possibility of using the signals seen from interferometers
to understand whih is the orret theory of gravitation.
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